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SOME EFFECTS OF A LAYERRD SYSTEM
O DILATATIONAL WAVES

Abstract

In this report, the effest of the crustal model on the nr:l.&ion
of the surface motion with the angle of incidence and the ﬁoquonoy is
ﬁmd for several orustal .-'odol-. The study was carried out by
programming the problem for the IBM 1620 and 7072 computer systems using
the matrix formulation originally suggested by Thomson and perfected by
Haskell and Dorman, From these programs, the ratios of the displace-
ments at the free surface to the total amplitude at depth were computed
for several crustal models in ranges of frequency and angle of incidence
of interest in seismology. These ratics are, in effect, tramemissien
cosfficients,

Six orustal models having such features as thin low-velocity sur-
face layers, low-velocity layers at depth, and relatively thick and
relatively thin total thicknesses were considered. For each model, the
transmission coefficients were compubed for frequencies ranging from
«02 ops to 10,0 ops in steps of .02 ops, and for angles of incidence
ranging from 21 degrees to 53 degrees in steps of L degrees. Haskell's
model was included in these calculations in order to obtain a check om
the calculations. A further check was obtained by using the transmis-
sion coefficients to synthesise the surface motion due to an incident
wave of the form (1/77) (sin 2077 ¢)/t and oomparing these values wWith




those predicted by ray theory. The agreemsnt was very good.
As & result of these ocaloulations » the importanoe of the frequensy
dependent character of the orustal effect has beemn further emphasised,

‘It has been shown that & thin low-velocity surfece layer cauwses a large

variation in the transmission coefficients, while a low-veloocity layer

" at depth hes 1ittle effect, especially at lov frequencies, Further,

4% has been shown that the total crustal thickness is one of the most

. significant factors in determining the variation with frequency. The

transmission coefficients of yelatively thick orustal models have a
mich more rapid frequency varjation than thoss of the rel siively thin
orust, At frequencies less than .2 cpo,' it is very diffiocult to d.ﬁ-
tinguish between crustal models of very nearly the sam thickness by
mans of the frequensy variation of the transmissiom coefficiemts

wless the internal structure is very differeat.
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SQME EFFECTS OF A LAYERED SYSTEM (M DILATATIONAL WAVES

. le Introduction

With the advent of large networks of cdibratod'uhlographl » 1t has
becoms increasingly important to determine the effect of the layering ia
the earth's crust beneath the individual stations on the surface motion

generated by seismic waves striking the base of the crust, This report

studies soms aspects of this problem by calculating the particle motion
which would be observed at the surface of a system of plane, horisomtal,
non-attenuating layers as a result of a continuous sinusoidal plane wave
striking the base of the layered system at ctlique angles of incidemce, |
(Fige 1) The Haskell-Thomsom matrix mesthod is wed to obtain the steady-
state response, and then the transienmt response for a simple pulse shape

" 48 obtained by Fourier integration,

Although the relatively recent matrix formulation is used in this
report, the observations and basic theory which indicated that the
orustal layering could have a significant effect on the surface motion
have long been mown, In 1929, Imamura observed smll oscillations af-

‘tor the first arrival. He suggested these oscillations could be due to

the layering in the earth's crust, Then in 1932 Susuki observed a varia-
tion in the apparent angle of incidence with frequency. Since these
phenomena could not be explained on the basis of a honojnooul half space,
various Japanese investigators began thobrot.iul otnd:l.ﬁ to detarmine the
effect of layering in the orust on body waves, |
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FIGURE 1. THE DIRECTION OF THE AXES AND THE LABELLING
OF THE LAYERS IN THE N - LAYER MODEL




Under the egditicn,l of continuity of stress and displacement at the
layer boundaries,such investigators as Sesawa (1930), Hasegava (1930),
Sesawa and Kanai (1932a, b, o, 193k; 1935, 1936) and Nishimure and mu
(1933) showed that layering in the orust eould cause the effects mem~
tiomed sbove. Although in principle this fact was well established by
1936, in practice little was known quantitatively about the magnitude ef

the effect of the layering em the surface motion, Those caloulatiems
which ni-o carried out usually involved such simplifying assumptions as
normal incidence, equality of density, reductiomn of the problem to twe
layers (i.e. ome layer over a half-spade), and a valus of Peisson's
ratio equal to 0,25, However, from these studies, especislly those of
Sesswa and Kanai (193h, 1935), it was possible to state that the effeet
of the layering varied with both frequency and angle of incidense.

In 1939 Nishimura and Talayama (1939a, 1939b) considered the effect
{ of a single two-layer system for nine angles of incidenoce with thirty
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valuss of steady-state froqnqncy at each angle. This work represented
the most extensive set of calculations in existence until 1962,when N.

A. Haskell published his work, In this interval the observations o
Gutenberg (1957) and Nuttli and Whitmore (1961) gave even more emphasis
to the importance of the crustal effect mmd its variation with frequesey,

i  as did the model studies of Press, Oliver amd Bwing (1954), Ivanova
(1959) and Lavergne (1961). In addition, investigators such as Lindeay
(1939), Kanai (1953, 1957), Kanai and Yeshisawa (1959) carried em other
theoreticsl studies. However, the theory snd method of approach re-
mained basically the same, and the primarily qualitative eomclusioms
may be summarised as followss
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1) The small oscillstions after the arrival of a tody phase ean
be caused by the erustal structure rather than the lmo'
motion, |
2) The effect of the orust varies with
a) orustal structure
b) angle of incidence
¢) frequency.
3) Elliptiscal particle motions from dilatational sources esa be
explained on the basis of layering of the crust,
k) Low~velocity sedimentary surface layers can camse large ampli-
tudes to be observed at the free surface.
S) The effect of the orust is mearly comstant for waves with very
long wavelength,
These conclusions point out the need to consider the effect of the ocrust
on any seismic study which is based on amplitudes or on the associated
apparent angle of incidence, especially since the observatiens are oftea
earried out on instruments with different frequenscy response curves,
Some seismologists have attempted to use the frequency dependense
of the surface motion on 2 layered crust as a means of determining
orustal structure. In particular, several investigators have attempted
to use the spectrum of the ground motion to determine the orustal layer-
ing (Clewell and Simon, 1950, Berson, 1956a, bj Berson and Epinatyeva,
19503 and Khudsinsky, 1961). However, becmuse of the lack of comparable
quantitative theoretical studies, their work is mainly of interest as
one of the firet attempts to apply the frequency variatien of the
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surface motion as a tool to determine crustal structure.

In addition to the lack of quantitative theoretical studies,the above

[ T O

work suffered from its inability to determine whether the frequency vari-
ation of the spectrum of the ground motion arises from the crustal inter=-
ference or from the source motion. -

As will be seen in section 2, the effect of the source can be elim-
inated, or at least minimized, by considering the ratio of the horisontal
surface motion to the vertical surface motion as a function of frequency.
Some attempts to follow this line of invesgation were carried out both
theoretically and experimentally by Malinovskaya (1959), Ivanova (1960);
Halperin and Folova (1960); and Halperin (1962). Although this method
appeared to be superior to tha use of the spectrum of a single component,
these investigations again suffered from a lack of quantitative theoreti-
cal values which could be used for comparison,

Two events combined to provide a means of obtaining theoretical quane
titative values on a sufficient scale to be able to separate the effects
of the model, the angle of incidence, and the frequency. These were:

a) the development of the matrix formulation of the boundary conditioms,
and b) the general availability of high speed computers.

The present state of the matrix formulation of the boundary conditions
is primarily due to three investigators: Thomson (1950); Haskell (1953);
and Dorman (1962). Thomson made the original formulation in which he
treated the problem of propagation of plane waves through a system of
plane parallel layers., Haskell (1953) corrected an error in Thomson's
work and emphasised the application of ths method to the dispersion of Love




and Rayleigh waves. In 1962 Dorman showed that the previous formulations
had, in effect, uver-specified the boundary conditions at a boundary be- -
tween a liquid and a solid. Although the spplications to surface wnoi
received the major attention of seismologists until 1960 and 1962 when
Haskell considered the applications to body waves, the original formula-
tion was quite general. As early as 1953, Matumoto considered the tramns-
mission of body waves using matrix techniques. At that time, even with
this powerful tool he was not able to consider as many cases as had
Nishimura and Taskaysma (1937, 1939a). However, the matrix techniques are
u;l suited to modern digital computers and with their coming it has
become possible to treat systems of many layers for many angles of in-
cidence and many steady-state frequencies..

In 1962 Haskell obtained contour plots of the amplitude ami phase
to the vertical and horisontal surface motions for a two-layer system
for angles of incidence ranging from sero to 90 degress and for fre-
quencies ranging from .01 to .333 ops. In 1963 Phinney and Smith ob-
tained theoretical ratios of the spectra in the low frequency range for
a number of crustal models. In 1964 Phinney showed a series of curves
1llustrating the results of a 1irgo number of calculations of the theo-
retical ratios of the vertical surface motion to the horisontal surface
motion as a function of frequency. |

These calculations are undoubtedly the most extensive set of cal-
culations which have been done in the frequency range from 0,001 to

0.2 cps. From these calculations he concluded:
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1) The effects of intermediate and deep crustal struoture.
is isolated in the low fvequency range.

2) The positions of peaks in the ratio do not change appre-
ciably with changes in the angle of incidence.

3) Pine structure in the transfer ratio is due Ato.tho structure
of the upper mantle,

k) Thin, low velocity surface layers have no singular effects

on the crustal peaks in the low frequency range.

He compared these computations with the observations of the ratios of

the spectra of the ground motion at Albuquerque, New Mexico, and Bermuda-
Columbia. From his analysis he wvas abls to obtain crustal-upper msntle
models which were geologically satisfying, Thus, in addition to obtaine

'ing considerable information about the theoretical variation of the

spectral ratios, he was able to obtain and use observatiomal studies
for the determination of crustal structure.
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2. Theory

Although the matrix formulation of the boundary conditioms in a
layered system is of considerable iuport.ubm at the present time, it
will not be developed in detail here because of the many excellent treat-
ments which already exist (Haskell, 1953; Dorman, 1963). However, since
the application of this formﬂ.ation to body waves has recently received
more attention, we will briefly consider the theoretical background of
this application.

As a result of his analysis in 1953, N. A. Haskell obtained the
following equation governing the steady-state transmission of plane si-
nusoidal waves through layered systems:

2t &y Lo/e
A’n I e
oo | T hahe b (g @
Wy + g T,

where A and @ are plane wave solutions to the dilatational snd rota-
tional wave equations, The singly primed terms are the amplitudes of
the dowmward travelling components while the doﬁbly primed terms corres-
pond to the upward travelling waves,
B,"l is a L x L matrix associated with the boundary condition
between the half-space and the n-lth layer. This matrix
is independent of frequency.




Ap-1 48 a L x L matrix sssociated with transmission across the

n-1"® layer and the boundary between the n-1*"

layer and
the 11-2mi layer. Matrices of this type depend on the layer
constants, the angle of :lpcmmcc and the frequency of the
input plane wave,

U, 1is the horizontal component of the particls velocity at
the zeroth interface (Fig. 1) |

#o 1is the vertical component of the particle velocity at the
seroth interface.

c is the apparent surface veloci ty.

0 is the normal stress at the zeroth interface.
’I‘; is the tangential stress at the zeroth interface.
%, is the dilatational wave velocity in the o*® layer.

This equation relates the motions at the top and bottom of a layered sys-
tem, incorporating the conditions of continuity in stress and velocity at
each interface, In the particular case being considered, there is no
up-coming shear wave in the n'® layer, and the top of the layered system
is bounded by a free surface. Following Haskell (1962), we then set

o
w, =0
O’o s 0

T

o™ 0
corresponding to the above conditions,

Under these conditions, we can solve the four algebraic equations
’ ’

which are implied in the single matrix equation for An" w,, \'ao/o,

N
‘Io/c in terms of 4 ne In particular, we can obtain
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od,
where the J's are the elements of the 4 x L matrix defined by

ot Ay o o o Ay and Den = (J33-dpy ) (I3p-dy0) = (Jp=322) (31-91)
Rather than use the ratios of ﬁo and ’o to ¢ A; as developed in equa- |
tions (2), we shall find it more convenient to obtain the ratio of the

components of the surface particle velocity to the total particle veloo-
ity in the ntB layer due to the incident dilatational wave,

2 2 "
R ALY ©)

Therefore from equations (2) and (3) we have

‘ ®
Jo_ = 28 (J,%,,)
V., - o u2~32) /oem
®
Yo =« 20 (J3~J31) /den (4)
Vy *Xp

These same equations represent the ratios of the surface displacements
to the displacements at depth since we are considering steady-state
simple harmonic motion, Thus we have

ot
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(5)
/ATy = 2—&-; (J1-J31)/Den

where AT, 1s the amplitude of the total particle displacemsnt of the in-

cident dilatational wave in the n*‘

h 1eyer. Equations (5) are, in
offect, the equations for the transmission coefficients whioh relate the
motion at the free surface of the layered system to the motion at the
base of the system directly beneath the point on the surface., These co-
efficients are complex functions involving the frequerncy, the horisontal
phase velocity (which is related to the angle of incidence), and the
layer parameters. We shall use the symbols TU and TW as defined below

for these coefficients,

(6)

AT,

In a later section we shall examine the values of TU and TW which were
obtained by evaluating equations (5) for a nusber of crustal models.
These models have such features of seismological imterest as relatively
thin low velocity layers both at the surface and at some depth, and
relatively thick and relatively thin total crustal thicknesses. Befare
doing so, however, we will present some applications of TU and TW

which are of interest,




Sinoce TU and TW are dependent on crustal strusture, it may be
possible to use masuremsnts of those quantities to determine crustal
structure, If the imput wave is of the form (aTy) ¢(P4%), then the
surface motion can be represented as

u, = (AT ™ i(pt'h)
o () (¥0) o m

v, = (ar,) (rw) ¢2(PE-X)

Since every point on the free surface is exeocuting the same type of
motion, although with different phases, we can consider the point x = o
without any loss of generality, With this understanding, and sinoes the
syster is linear we can express the surface motion dus to an incident

wave of the form

f ©O
1

DICIDENT WAVE = -— [ oo ATp) -mdp

as oo ipt .
% - _1._[ (ar, )(TU) ¢ dp

u, (¢) reo " 757 )o0o n (8)
and 00

v | - (ax, ) (1) o'Pap

vhere ﬂ'n is the frequency spectrum of the input wave, and may be a com~
plex function of frequency.

In actual practice u,(t) and w,(t) are recorded by soﬁmographa and
from this motion we would like to obtain information about the crust,

or possibly about the source. Upon examining equations (8) we see that
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the effects of the ocrust and source are interconnscted in the quantities
we usually observe. In order to separate these two effects, let us con~
sider the Fourier transforms of the growmd motion, If we define she
transforn of § as ?(ﬁ), we have

F(uolt)) = (M) (M) | ()
F(uo(t)) = () (W)

The left-hand side of equations (9) can be detemined from the observa-
tions. Thus we can determine the product of the source spectrum and the
transmission effect of the layers., However, if we take the ratio
F(ug(t))/P(Wo(t)) we obtain a quantity which is independent of the fre-
quensy content of the sowrce. |

Flu, (¢)) = 10
F(wy(t)) ™

(20)

This ratio depends on the frequency, the horisontal phase velocity
(angle of incidence), and the layer parameters. We might look upon
TU/TW as the tangent of an apparent angle of incidense which is a funo-
tion of frequency.

Since this ratio depends on the structure, it should be possible
to determine the structure, or the class of structures, which give
theoretical ratics to match the ratios cbtained from the observations
at a given site.

Phinney (1964) studied the ocrust near Albuquerque, N. M., by
mtohing curves by trial and error, and found that structures whioh
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wers in agreement with the known geology gave good results, while those
which were radically different gave poor agreement, Thus even at this
time, this method of determining crustal structure appears to hold
soms promise. In the future it is quite possible that computer inver-
sion programs similar to those used in surface wave work may be used.

This method has the advantage of allowing the determination of
crustal structure beneath a station from the observations at that single
station alone, Further, it does not depend on the picking of a single
event, but uses the series of events which are recorded at the surface
dus to the direct arrival of the plane wave plus all of the arrivals
coming from orustal reflections and conversions. This use of time seo-
tionsrather than specific events may be of considersble help in those
cases whers it is difficult to identify specific events.

~Once tﬁo orustal structure beneath a station is lmmni, then it
should be possible to determine the frequency content of the wave which
struck the base of the crust, Referring to equations (9), we see that

(ar,) = Flug(t)) = Fuo(t)) 1)
TU ™
This would allow us to cbtain a better description of the source, A
techniqus such as this may prove to be especially valuable in shear
vave investigations,
It should be emphasized that in these considerations there are
some important restrictions which may severely limit the application

of these techniques. For example, the attenuation of high frequencies
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vhich will provide the greatest resolution, the orust at the source,
the curvature of the real earth, and the necessity of having perfectly
matched instruments, all have effects which are not considered here.

At the present time, we can only point to the work of Phinney (1964)
which indicates that these methods are applicabls st least to the study
of the coarse features of crustal layering.

In the remainder of this report, we will examine the theoretiocal
variation of the transmission coefficients TU and TW with frequenocy,
angle of incidence, and crustal model in order to obtain soms under-
standing of the effects of these paramsters.
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3.. Steady-State Transmission Coefficients

In order to study the variation of TU and TW with frequency, angle
of incidence, and crustal structure, we wrote programs for the IBM 1620
and 7072 computer systems. The basic program in 1620 form is shown in
Appendix I (the 7072 form of this program differs only in the input-
output statements and the addition of a Fourier integral routine). The
input to this program specifies the ranges of angle of incidence and
frequency, and the thicknesses, velocities and densities of the layers
of the srustal model to be considered. In this study, the angle of
incidence was varied from 21 degrees to 53 degrees in steps of ) de-
grees, and the frequency was varied from .02 cps to 10,0 ops in steps
of .02 cps. These ranges were chosem becmuse of their applicability
in various seismological studies,

The models which were chosen are listed in Table I together with
8 brief desoription of their predominant features. We determined the
values of the amplitude and phase of TU and IW for each of these models
at. the valuss of the angli of incidence and frequency given above, Due
to the extent of the data (greater than 27,000 individual points),
only a representative number of curves will be shown to illustrate the
conclusions. The complete set of data is available in the form of
punched cards at the St. Louis University Institute of Technology,
Department of Geophysics. It should be noted, however, that unless
the entire range of data is desired, it is often more convenient to
compute the data in the desired range by wsing the progrea in
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TAELE I
Model Description of Thickness P- S- Density
No. Main Feature (Km.) Velocity Velocit
(Km/Seo¥ (Km/Seo¥ (Gm/Cm>)
1% A crustal model 1.0 4,40 2,50  2.70
similar to that 19.0 6.20 3450 2.80
of the central 18,0 6.40 3.T0 2.90
U.8, with a 8.20 T 4,60 3.30
thin, low-
veloclty sur-
face layer
2% The same model  20.0 6.20 3,50  2.80
as 1, but the 18.0 6.40 3.70 2.90
surface layer 8.20 4,60 3.30
is removed and
the second layer
is extended to
keep the total
crustal thickness
constant
3. A crustal model 15.0 6.20 2650 2.80
with a relatively 5.0 6.00 2.30 2.80
thin low-velocity 18.0 5.40 3.70 2,90
layer at depth 8.20 4,60 3.30
4, The model of 37.0 6.285 3.635 2,869
Haskell (1962) 7.960 4,600 3.370
included as a
. check on calcu-
lations
5. A crustal model  30.0 5.20 3.50 2.80
representing a 20.0 6.40 3.70 2.90
relatively thick 8.20 4,60 2,30
crust, having the
! same velocities
as 2 and 6
. 5. A crustal model 15.0 5.20 .50 2.80
| representing a 5.0 6.40. 3.70 2.90
! ~ relatively thin 8.20 4,60 2.30
! crust, having
the same veloci- .
ties as 2 and 5 :

'Modela 1 and 2 were suggeated by Mr. T.V, Mcivilly as
corresponding to crustal structure in Missouri and/or
the central United States.

[
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Appendix I,

In discussing the figures on the following pages, we shall make
use of.tho terms "character" and "shift." "Character® is intended to
refer to the relations between the anplitudes for various frequencies
for a given angle of incidence and a given model, That is, “charac-
ter® refers to the general shape of adjacent peaks and troughs., Om the
other hand, "shift" is intended to refer to the fact that the fre-
quency variation often appears to be compressed or extended and thus
segnents of the 6uml having similar character are displaced in the
frequency domain, .

In Figure 2, we see the variation of |TU| for model 6 plotted for
six angles of incidence in the frequency range from 0.02 to 2.0 ops,
This particular model was chosen because it illustrates features of
the curves which are found in all of the models, and in sddition, the
frequency variation is slow enough that the features may be readily
observed,

In all of the figures of this type, the variation with frequency
is obvious, With few exceptions, it has not been possible to interpret
the frequency variations of these curves as being due to any particular
physical phenomenon (for exampls, multiply reflected waves of a specif-
ic type within the whole crustal model or any section). In this figure,
we can observe the effect of the angle of incidence on the frequency
variation, We can make the following observations:

1) As the angle of incidence increases, the average amplitude
increases, This might be expected in view of the fact that the
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dilatational input will have a greater horisontal component at the lare
ger angles of incidence.

2) The frequency variation is more rapid at small angles of in-
cidence than at larger angles., This is due to the fact that for the
small angles of incidence in this range, the P to S. coﬁvoraim has a
large horiszontal component which effectively doubles the number of wave
types causing interference in t.t_ne physical realm.

3) As the angle of incidence increases, the character of the
variation changes considerably, For example, the psak which oocurs at
about 0.1l cps in the graph for the 29 degree angle of incidence has
almost disappeared at L9 degrees. On the other hand, some relatively
large amplitudes at large angles were relatively nl.nd at smaller
angles, However, the extremss, that is the largest maxima or smallest
minime, tend to persist and this suggests their dm on the dila-
tational energy.

k) As the angle of incidence increases, we can observe a system-
atic shift, At low frequencies, this shift is not so apparent, but at
the higher frequencies, it becomss progressively more evident., The
rate of shift appears to increase continuocusly with the increase in
angle of incidence, if allowances for the change in character m made,
It will be seen in later figures that a decrease in the welocity also
can cause this shift to take place,

In Figure 3, we ses the variation of |‘N| for model 6. In this
figure, we can make the following ﬁomtimt
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1) As the angle of incidence increases, the average ampliiude
decreases. This again would be expected on the basis of the vertical
component of the dilatation being smaller at large angles of incidence,

2) The variation with frequency is smaller at large angles of
incidence than it is at small angles. This corroapdndi to the fact
that for large angles of incidence the vertical component of P is
small, and further, the angle of incidence of the oonverted S motion
is such that the S motion has only a small vertical component even when
the angle of incidence of the dilatational energy at ihe base of the

“ orust is 53 degrees.

3) As before, the character of the variation changes considerebly
when the mngle of incidence increases. For example, the trough which
appears in the range 0.l4 to 0.16 cps at an angle of 29 degrees has

beocome a peak at L9 degrees.

k) Again as the mngle of incidence increases we can observe a
shifting of the curves. This shift inoreases with both angle and fre- -
quency. _

In comparing Figures 2 and 3, we note that for small angles the
average amplitudes in Figure 2 are smller than those in Figure 3, At

larger angles, the two are nearly equal, The frequency variation of

_the |TU| 1s more irregular than that of |IW|. The shifting effect is

of the same magnitude in both figures,
In Figure L, we see the variation of the phase of TU for model 6,
for a variety of angles in the same frequency range as above, For this

figure, we can make the following observations;




»

Ot-. .n-o -- * . g
Diln - . .i. ®. . .,
081 d - b e
- . .
. uo - . *e
. e ‘e *e '- ‘e -
09t
o} -
e S . *
" .- -‘ -
Py —_ [
08t b . .
09t ‘e w . e L “e u .ov e
0 . .
. - . L P
. . . *s -'u.
0T . s . _
b . ou -ui
. [ had
o9t | 1 ) i o
I o0°e ! 00° 1! L\l 0070 1
o7 ou . ., LN *e d °
o8l T oc' — < Ar —Y
. Ol. - hd
Sﬂ oul '0' 'l g '. -.oo - *
L] . L
L ] Oll - .D
* o [N -u .
081 b . v . . - 9
- o- ou- o .
e *e ° - b K} -
09¢ * . .
° i - - . - - Py
* ' -o ", : .
o, _ . o * Se.
8” -‘ ‘.- el ‘. ’. - ....
-ooa ‘e, o-o -oco S nt o- .s
0%€ . . . .
9 TEGON ¥OL AL 40 ESVHEd THI 40 NOILVIMVA
AONEOENE ML N0 TONEIIONT 40 ¥IONV THI 40 JOB4AX I ‘4 TIWIL
- e




C e -

P

a

1) At very low frequencies, the phase shift approaches 180 de-
grees, This is the result of using the absolute value of the amplitude
in the ratio rather than the horisontal component which would have a
sign connected with it. If we allow for this change in phase caused by
the mathematics, we can interpret this phase shift as Slying that at low
frequencies the incoming wave does not "see" the crust.

2) The ;Shue shift is not linear, and the non-linearity is es-
pecially severe at small angles of incidence, where it often amounts to
variations of up to 4O degrees. At larger angles, the phase shifts
becoms very nearly linear in certain regions. As the frequency in-
creases it appears that the phase shift becomes more irregular., How-
ever, as ve will see in later figures, this is not progressive, but is
a periodic phenomenon, The decrease of the non-linearity with increas-
ing mgle of imidondo and the appearance of the vertical phase shifts,
which will be comsidered next, both indicate that the non-linearity is
due to the S conversions, However, we have been unable to interpret
this on the basis of a particular ray arrival or the interference of
particular ray events,

3) As the angle of incidence increases, the absolute value of
the slope of the curves becomes smaller. This is related to the shift
which sppeared in the amplitudes of TU and TW . We can interpret
this decrease in the absolute value of the slope as the angle of in-
cidenos increases in terms of the travel time of the wave front. TU
and TW represent the relations between two points, one at the base of
the orust, and the other at the free surface directly above the first




B e

25

point, As the ~nng].o of incidence increases, the distance between the

two points along the normal to the wave front decreases. If we de-

orease the distance, then the tims required for the wave front to move

through these two points decreases, and the phase difference bdetween
two frequencies differing by an amount A P dnmnoi. |

Phase difference = (Ap)t
\lhm %t = travel time,

This explanation was suggested from a consideration of plane vaves 3
and in the steady-state case, the surface cf constant phase may be a
curve due to the superposition of the many reflections and conversions
possible, However, since this same argument (i.e., based on travel
times) explains the shifts in the amplitude variation and the changes
in the slope of the phase variation observed in the various models, we
believe thgt. this explanation is essentially carrect.

In Figure S, we have the variation of the phase of TW for model 6
for a series of angles in the same frequency range as above,

1) At low frequencies, the phase shift approaches 360 degrees,
Again allowing for the sign convention and the sign of the total ampli-
tude at depth, this 360 degree phase shift at low frequencies indicates
that the low frequencies are not affected by the crust.

2) The phase shift for TW is very nearly linear, and the extemt
of the non-linearity does not increase appreciably as the angle of
incidence increases in this range, .

3) As the angle of incidence increases, the absolute valus of

~ the slope becomes smaller. This is due to the same causes a8 were
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previously mentioned for the phase of TU,

In Figures 6, 7, and 8, we have the variation in the frequency de-
pendence of |TU| as a function of the model. In Figure 6, the varia-
tion is plotted for an angle of incidence of 21 degrees, Figure 7 for
33 degrees, and Figure 8 for 45 degrees, The observations which will
be made apply to all three figures,

1) The effect of the low-velocity surface layer in model 1 is to
introduce a "long period,” large amplitude oscillation in the frequency
variation of [TU] for this‘ model.

Further, the low velocity in this surface layer causes a shift to
the left in model 1 with respect to model 2 (which is identical ex-
cept for this layer), This shift can be cbserved at frequencies greater
than 1.5 cps. |

2) Were it not for the long period variation and the shift caused
by the difference in velocities, models 1 and 2 would have essentially
the sams frequency variation since the character of the two is quite
simdlar,

3) Models 2 and 3 are similar in character at low frequencies,
and althougli the character changes at higher frequencies, it night
prove to be practically impossible to distinguish between these two
loa.ls at frequencies less than 0,2 ops,

L4) Models 3 and L4 are similar in amplitude, but the fine charac-
ter is different, This is attributable to the differences in veloci-

ties, The shift between these two models is noticeable and is due to
the one kilomster difference in the thickness of the total orust,
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5) Model 5 has the sams velocities as models 2 and 6 although
the relative thicknesses of the layers are different. The character
is actually quite similar in these three models, However, the shift
to the 1left in model 5 due to the relatively large total crustal

thickness is so great as to cause the amplitudes at a given frequency

" %o be considerably different., At higher frequencies the character

also changes with respect to that of model 2, but it still remains
similar,

6) Model 6 is similar to model S in terms of the velocities,but
is much thinner (20 kilometers in total thickness in model 6 versus
S0 kilometers in model 5)., This causes a considerable shift to the
right in the values of |TU| in model 6. |

7) The difference in the models at a given low frequency is more
apparent at large angles of incidence than at small angloa.l This is
due to the change in character, the change in amplitude, amd the shift,
On the other hand, at the larger angles the character of the curves
is relatively simple. The character alone does not give a good basis
for distinguishing between the models, but the valuss of the co-
efficients would have to be used.

In Figures 9, 10, and 11, we have relations similar to those shown

- in Figures 6, 7 and 8; however, in this case we are considering |‘!'H| .

The same comments as were made about |TU| are applicable here, In
comparing the two sets of curves, we see that the positions of the
maxima and minima of the two sets of curves do not ooccur at the same

place, and the characters of the two sets are entirely different.
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In Figuru. 12 through 1k, we have the variation in the phase of
TU for the various models at three angles of incidence. In these
figures we can observe the following pointss

1) The phases of the first three models at low frequencies are
nearly the sams, |

2) The relations between the absolute values of the slopes of
the models are model 6 < model L < model 3 < model 1 <model 2 <
model 5.

3) The difference in the slopes becomss more apparent at the lar-
ger angles of incidence,

4) There are definite regions of .non-linearity. The character
of the non-linearity appears to be similar in all of the models. In
these regions there appear to be discontinuities, However, on the '
basis of model 6 we would expeot the variation to be continuous al-
though very rapid.

In Figures 15-17, we have the variation in the phase of TW far
the same models at the same angles of incidence, Here we can mals the
following observations:

1) There are slight variations in the linearity which become
more apparent at the larger angles,. Hovoior, for most practical pur-
poses we could consider these phase shifts to be linear.

2) At low frequencies the phases of the first three models are
nearly the same,

3) The valuss of the slopes are arranged in the same order as
were the phases of TU, The slopes of the phase shifts of TW are very
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similar to the slopes of the corresponding phase shifts of TU.

In Figures 18-21 we see the variatién of |TU| ’ |rw | , the phase
of TU and the phase of TW, respectively, for all of the models for an
angle of incidence of 33 degrees in the frequency range 2.02 to 4,00
cpss Upon comparing these figures with the previous ' fikuru, ve see
that the character is essentially the same as the corresponding fig-
ures in the lower frequency rungo.'

One noticeable exception to this statement is especially prominent
in Figure 20 in the frequency range from 2,02 to 2.5 cps for model 1,
Here there is a region in which the phase changes very rapidly. This
condition dies out but does repeat itself at higher frequencies. We
see that the character of the amplitudes is also somewhat different
in this range (Figures 7, 10); however, this is not so noticeable, This
condition is apparently related to rotational interference since the
unusual character appears mainly in the horisontal component.

Also we notice that the shift has increased to the point where it
is no longer possible to correlate peaks and troughs. The valuss of
TU and TW may be considerably different at a given frequency in this
higher frequency range. From this we can conclude that our best oppor-
tunity for distinguishing between models would be to know TU/IW for the
range of frequency from O to 3.0 ops at intervals of .015 cps. This
would allow us to distinguish between models as similar as the first
four in this paper.

In order to test the validity of the computations and to provide

a comparison with conventional ray theory in the real time domain, the
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HASE OF TU IN THE FREQUENCY
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values of TU and TW were used to Fourier synthesise the surface motion
due to an input pulse, Since the values of TU and TW were kmown in the
range from ,02 to 10,0 cps, an incident wave of the form

INCIDENT WAVE = 1/ / Olyry Toos pt dp

was chosen, Upon evaluating the integral we have,
INCIDENT WAVE = (1/1) ((sin 2017 t)/t - (sin OL1r t)/¢).

At t=0, this function has the valus of 19.96 and on either side of t=0
it appears as a rapidly decaying sine wave, Becmse the first term is
much larger than the second (by a factor of 500), for small values of ¢,
the predominant features of this input wave very closely resemble
(4/77)(sin 2017 t)/te The value of this function does not exceed 12
per cent of the peak valus for t > .13 seconds, We combined this
input wave form with TU and TW according to equations (9) in section 2,
These integrals were evaluated for both uy(t) and wo(t) for all of the
models at all of the angles, The time range which was chosen for each
angle-model combination was centered on the time of the first arrival
of the surface motion as pr'edictod from independent ray theory calcula-
tions which we carried out, We chose the time interval of the synthesis
at .02 s.econda. The synthesized ground motions for the angles of 25,
33, L1 and 49 degrees are shown in Figures 22-29,

In addition to computing the ground wmotion from TU and TW, we
used the standard ray theory as given in Chapters Two and Three of
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Blastic Waves in Layered Media (iwing, Jardetsky, and Press, 1957) to

compute the arrival time and amplitude of the first arrival., In the
amplitude calculations we took into account the free surface, In doing
s0, we assumed that Poisson's ratio was 0,25 in the upper layer for com-
putational simplicity. In these models, the maximm .‘dew.riation from this
value is ,015 or 6 per cent., The relative times and amplitudes of the
ray theory arrivals are shown in the figures by a solid line., We see
that the agreement between the synthesized motion and the amplitudes of
the first arrival based on ray theory is very good. The tilu agree to
within 007 seconds and the amplitudes to within 6 per cent. The author
considers this agreement to be a substantial check on this work. This
is especially important since most of the caloulations cannot be checked
directly,

In considering the synthesised motion we see that the motion in
models 2-5 resembles the time history of the source very closely, while
the motion after ﬂfc peak arrival in model 1 is quite different. We
would expect this because of the presence of the thin surface layer in
model 1 which is not present in the other models. The arrival times of
these later oscillations agree with those predicted for P to S conver-
sions at the uppermost layer and with miltiply reflected P and S waves
within this thin layer. In addition to the work shown in these figures,
we carried out more extensive synthesis at a much coarser time interval,
and we found that the synthesised record showed energy arriving at the
arrival times predicted by ray theory for multiply reflected and con-

verted waves for all of the models, This was taken as a further check
on the validity of these calculations,
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o Summary and Conclusions

In the prec‘oding sections, we have outlined the use of the Haslmell~
Thomson matrix method to determine the effect of the crust on steady-
state dilatational waves, We showed how we could combine ; knowledge
of the transmission effect of the crust with the recorded surface .n“otion.
%o determine the motion at the base of the crust, Or alternatively, we
showed how a knowledge of the surface motion at a single station might
be used to determine the orustal structure beneath the statiom.

Since little is known about the frequency variation of the trans-
mission effect of the ocrust, we calculated the transmission coefficients
for six representative crustal models for nine angles of incidence in
the range from 21 degrees to 53 degrees, The frequency variation was
considered in the range from ,02 to 10,0 cps. méc we determined these
cosfficients we used them to synthesise the surface motion which would
arise from a pulﬁ of the form of (1/7 )(sin 207&)/1-., and thus obtained
real time results which could be checked by comparison with the first
arrivals predicted by ray theory. From these computations, we can make
the following conclusions:

1) Variations in the total thickness of the crust as small as one
kilometer cause a noticeable shift in the positions of the peaks and
troughs of the transmission coefficients., The thicker the crust, the
more rapid is the frequency variation.

2) For orustal models having the same total thickness, the n.l:ln
difference in the frequency variation of the transmission ooefficients
is in the character of the oscillations, At low frequencies (less than




0.2 cps) this is difficult to determine.

3) The variation in the horisontal transmission coefficiet is
more irregular than that of the vertical coefficieni in the range of
angles of incidence studied. This is due to the importance of converted
SV waves in this range, |

k) The effect of thin, low velocity surface layers is quite pro-
nounced in the transmission coefficients, This effect appears as a large,
"long period® oscillation in the frequency variation of the trm.hoiu
coefficients,

S5) A low velocity layer at depth is very difficult to determins,
especially from low fuMq measurements, However, the difference in
shift caused by this layer is observable, and if the transmission co-
efficients are known over a sufficient range (say .02 to 3.0 cps), it may
be possible to observe the presence of the low velocity layer.

6) In general, it is necessary to imow the transmission coeffi-
cients at intervals of about .,015 cps for crustal models of about 38 ’
kilometers thickness in order to observe all o.f the significant features,
For thicker crusts, it will be necessary to know the values at even
smaller intervals, Thinner crustal models coulq be investigated at
coarser intervals, ‘

7) The method of determining crustal structure through the use of
these transmission coefficients holds considerable promise when the mo-
tion after the P arrival shows complicated oscillations which arise from
the combination of the input wave form and the crustal interference.
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8) When comparing the records obtained from instrumsnts with very
different frequency response curves it is important to realise that the
sections of the spectrum of the input to which the two instruments are
sensitive may be very different., Thus it is possible in extreme cases
that short period instruments show substantially larger displacements
than long period instruments at the same sites, Further, even the same
instruments at different sites at the same distance from the point of
generation may show different amplitudes due to the crustal effect. This
effect must be taken into account in such investigations as source
mechanism studies and magnitude determinations.

9) In those studies in which frequency dependence is important,
or in which the observed motion is so complicated that individual events
cannot. be identified, this method is superiar to ray theory in that its
application is more direct. However, for models of the tjpc studied
here, the two methods are equivalent in that, given the source form and
the crustal model, it is poasible to predict the surface motion from

either one,
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AFPPENUIX T
18K 1620 COMPUTER PROGRAK FOR TiJ AND Tif

TS PROGRAKM 1S DESIGNEY TO COMPUTE THE TRANSFER FUNCTIONS
FOR INCIDENT DILATATIONAL WAVES ONLY. .
APPARENT SURFACE VELOCITY MUST BE GREATER THAN P VELOCITY
IN THE TOP LAYER AND THE S VELOCITY IN ANY LAYER
DIMENSION D(60),a(60),8(60),RHO(60),0GAM(60),0GAM1(60),
10RA(60), DRE(60) ) DH(60}
1030 PUNCH1
1 FORMAT(42HP OKIENTED LAYERED SYSTEM RESPONSE 9/25/63)
READ IN FOUK LETTER IDENTIFICATION
READ 1101
1101 FORMAT (al4)
READ IN NO, OF LAYERS AMD LAYER CONSTANTS
READ 2 , NOL
2 FORMAT(I13)
PUNCH 2,NOL
READ IN LAYER CONSTANTS
DO 3 | = 1,NOL
REAL 500, D(I) JA(1),B(1),KHO(1)
3 PUNCH 500 o(1),Aa(1),8(1),RH0(1)
500 FORMAT(L4F10.4)
PUNCH 1620
1620 FORMAT (2HWV, 3X,4HANG I, 6X, 4HFREQ, 5X, 7THAPP VEL,5X, 1HU, 8X, BHPHU.
18x, 1Hw, 8X, 3HPHu,6x LHOi iEG)

N = NOL
N1 = NOL - 1
N2 = NOL - 2

READ IN IMITIAL ANGLE, INCREMENT, FINAL ANGLE IN DEGREES

C
7001 READ & , ANGIP, DANGI,FANGI

L FORMAT(3F10,4)
READ i INITIAL FREGUENCY, INCREHENT, FINAL FREQUENCY
READ 4, FREY1,0FREY,FFREyY
NOANG = (FANGI - ANGIP)/DANGI + 1,
NOF = (FFREy = FREig1)/OFREY + 1,
AHGIP = ANGIP - DANGI
DO 310 1A = 1,NOANG
FREY = FREY1 = DFREy
ANGIP = ANGIP + DANGI.
C = A(NOL)/SINF’ANGIP/S? 295780) -
LOuPUTn REUSABLE VARIABLES FOR THE FIRST LAYER
FCova = ¢/a(1)
Fcovs = ¢/8(1)
FGaM = 2./ (FCOVB**2)
FGAM1 = FGal® -1,




FRA = SQRTF(ABSF(FCOVA**2 - 1,))
FRB = SQRTF(ABSF(FCOVB**2 - 1,))
FH = RHO(I)*C*C
c COMPUTE REUSABLE VARIABLES FOR THE REMAINING LAYERS
V0 1346 i1 = 2,NOL
cova = L/A(H)
cCovB = ( B(M) _
DGaM(M) = 2,/(COVB**2 )
DGAMI (M) = UGAM(M) -1,
DRA(M) = SURTF(ABSF(COVA**2 - l.;)
DRB(M) = SURTF(ABSF(COVB**2 = 1,) )
1346 DH(M) = RHO(M)*C*C
3 DO 310 IFR = 1,NOF
FREQ = FREg + DFRE
WVNO = 6,2 31853*FREQ/C
P = WYNO*D(1)*FRA
Q = WYNO*D(1)*FRB
. SINP = SINF(P)
W = SINP/FRA
X = FRA*SINP
COSP = COSF(P)
SINQ = SINF(4)
Y = aINQ/FRB
Z = FRB*SINg
COSY = COSF(y)
c COMPUTE ELEMENTS OF A MATRIX FOR FIRST LAYER
A1l = FGAM*COSP - FGAMI1*COS:;

A12 = FGAMI* + FGAM*Z

A21 = FGAM*X + FGAMI*Y

A22 = —-FGAM1*COSP + FGAIM*COS/

A31 = FH*FGAM*FGAM1*(COSP -cos )

A32 = FH*(FGAMI*FGAM1*yW + FGAM*FGAM*Z)
At; = -FH*(FGAM*FGAH*X + FGAMI*FGAM1*Y)

A31
IF(NZ) 1347, 1349, 1347
c COMPUTE ELEMENTS OF A MATRIX FOR REMAINING LAYERS
1347 DO 1345 M = 2,N1
E GAM = DGAH(M)
! ' GAMM1 = DGAM1(M)
, RA = URA(M)
RB = URB(M)
= YH(M)
= WYNO*D(M)*Ra
WVNO*D (M)*R3B
c-a(M)) 121 122,123
P = sInF(P)
= SINP/RA
X = RA*SINP
COSP = COSF(P)
GO TO 124
122 W = WVNO*p (1)

123




121

124

X =

0.

COSP = 1,
GO TO 124
EXPP = EXPF(P)

EXPM = EXPF (=P
W = (EXPP=EXPM

;/(Zo*RA)

X= RA*(EXPM-EXPP)/2,
COSP = (EXPP+EXPM)/2,

H* (GAMMI*GAMM 1%y + GAM*GAM*Z)

—H* (GAM*GAM*X + GAMMI1*GAMM1*Y)

B12*a21 + B13*a31 + Bl*ali
B812*%A22 + B13*432 + Billxak2
B22*A21 +B23*A31 + B2L*plLi

B22*A22 + B23*p32 + B2b*aL2
B32*A21 + B33*A31 + B3u*alt
B32*A22 +B33*A32 + B3u*pL2

BL2*p21 + BL43*A31 + Bhb*alil
8L2*a22 + 843*a32 + Blh*ak2

SINY = SINF(y)

Y = SINY/RB

Z = RB*SINQ

COSy = COSF(Q)

B11 = GAM*COSP = GAMMI*COS(Q
B12 = GAMMI*Y + GAM*Z
Bil3 = -(COSP-COSQ)/H
Blh = (W + z)/H

B21 = GAM*X + GAMMI*Y
B22 = =GAMMI*COSP + GAM*COSyY
B23 = ~( X+Y)/H

B24 = 813

B31 = H*GAM*GAMM1*(COSP-COSQ)
B32 =

B33 = B22

B34 = B12

B41 =

B42 = B31

B43 = B21

B4kt = B11

MULTIPLY MATRICES
EATL = Bil1*a11 +

EA12 = Bll1*a12 +

EA21 = B21*A11 +

EA22 = B21*A12 +

EA31 = B31*A11 +

EA32 = B31*al12 +

EAll = Bhi*all +

Eali2 = BL41*pA12 +

All = Eall

Al2 = EAT2

A21 = EA21

A22 = En22

A31 = EA3I

A32 = Ep32

Akl = Ealil

A2 = Eab2

A21 = =p21

Al = —pli

GAM = DGAM(N)

GAMi1l = DGAMI(N)

RA = DRA(N)
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RB = DRB(N)

| H = DH(N)

b ¢ COMPUTE ELEMENTS OF E _IN
B1l = = 2,%(B(N)*B(N))

B3 = l./(RHO(N)*A(N)*As

B22 = C*C*GAMM1/(A(N)*A(

B24 = B13/RA

B31 = GAMM1/(GAM*RB

B33 = -1,/ (H*GAM*RB

BlU2 = 1,

Bk = 1,/(H*GAM)

SE_FOR THE LAST LAYER
(N)*A(N))

VER
/(A
N;)
N)*RA)

U

EATl = Bl1*a1l + B13*A31
Eal2 = Bi1*a12 + B13*A32
EA21 = B22%421 + B24*pL41
, EA22 = B22*p22 + B2L*plL2
; EA31 = B31*a11 +B33*A31
' EA32 = 831%A12 + B33*a32
Ealil = BL2*p21 + Bhlh*aki
f EAl2 = B42*p22 + BlLb*xal2
OMEG = FREQ*6,2831853

DR = EA21*EA32 - EA1I*EAL2 - EA12%EALT + EA22%EA31
DI = EATI*EA324+EA21*EAL2-EA12¥EA3 1-EA22%EALI
DENSQ = OR*DR + DI*DI
UPNR = EA32*DI-EAL2*DR
"UPNI = EA32*DR + EAL2*D|
UPDC = (2./DENSQ)*SQRTF (UPNR*UPNR + UPNI*UPNI)
c UDTP = AMP OF TU,PHUPD = PHASE, WOTP = AMP OF TW, PHWPD = PHASE
PHUPD = ATANF (UPNI/UPNR)
PHUPD = CORANG(PHUPD ,UPNI,UPNR)
WPNI = EALTI*DR +EA31*DI
WPNR = —EA31*DR + EAL1*DI
WPDC = (2./DENSQ)*SQRTF (WPNR*W/PNR+V/PNI*WPNI)
PHWPD = ATANF (WPNI/WPNR) '
PHWPD = CORANG(PHWPD ,WPNI,WPNR)
UDTP = COVA*UPDC
WOTP = COVA*WPDC ;
303 FORMAT(AL4,F8.3 ,F10,5,F10.3,F10.4,F10,5,F10,4,F10,5,F8.3)
310 PUNCH 303,T2,ANGIP,FREQ,C,UDTP,PHUPD ,WDTP,PHWPD ,OMEG
c CONTROL CARD TO CONTROL RECYCLE
1020 READ 7000, CNTRL |
7000 FORMAT(F10.2) | :
IF (CNTRL) 7001,1030, 1021
1021 PRINT 990
990 FORMAT( 11HEND OF CASE)
Y = LINK(EA31)

END
C CORANG 1S A SUBROUTINE TO UETERMINE THE RIGHT QUADRANT

C FOR THE ANGLE DETERMINED BY ATANF
- FUNCTION CORANG (FUA,FUI,FUR)
IF(FUa) 1,1,4 \




1 IF(FUI) 2,2,3
GO TO 7

3 ANGMUL = 1,
GO TO 7

L IF(FUI) 5,5,6

5 ANGMUI. =-1,
GO 70 7

6 ANGMUL = O,

7 CORANG = FUA + ANGMUL*3, 14159265
RSTURN
END
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